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ABSTRACT

Lunar mass concentrations ("mascons™) have been
implemented in the Tracking Analysis Program (BCMTAP) as
mass points. Modifications to both the equations of motion
and the variational equations have be completed.

A limited orbit determination analysis was conducted
to show the effects of "mascons" as modeling errors. Pseudo
Doppler data were generated using a spherical Moon model
in addition to the "mascons". These data were then processed
with only the spherical Moon modeled. Thus the state vector
offsets and corresponding residual patterns obtained are
directly attributable to the unmodeled "mascons".

First, the effects of five highly probable mass
concentrations on a low orbit LO III type trajectory were
investigated., For the particular orbit the "mascons" located
at Nectaris and Humorum are dominant. One and two orbit
solutions were obtained. The two rev fit resulted in a much
larger position offset which was almost entirely out-of-
plane. Trajectory solutions are presented in Table III
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and residual plots are presented in Figures 1-3.

Secondly, the effects of a single "mascon" were
evaluated to provide a set of residuals for further analysis
which will attempt to reconstruct the magnitude and location
of the unmodeled "mascon". A sequence of five polar orbits
were used, the ground tracks of which were essentially
evenly spaced to encompass a *10° band of longitude to either
side of the "mascon". State vector offsets and residual
slgnatures obtained are presented herein.

An attempt was made to evaluate the effects of
different tracking geometry for one of the polar orbits. The
residual pattern was essentially unchanged even though a
different 0.D. solution resulted. For the polar orbit study
larger state offsets occured for those spacecraft orbits
which were nearer the "mascon® as expected. However, the false
large plane charcﬁ that‘ocgurred when the spacecraft flew
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directly over the "mascon" was unexpected. It was shown that
this resulted because the polar orbit was being viewed edge-
on and the observable (Doppler range difference data) is some-
what insensitive to small plane changes. In fact, a simulated
plane-in-the~sky orbit (normal to the Earth-Moon line) which
flew directly over a "mascon" resulted in an almost totally
in-plane correction as it should have.

Earth-Moon geometry for the particular epoch selected
gives rise to the apparent unequal effects of the "mascon"
on trajectories which pass essentially equidistant from the
imbedded mass-point. More of the acceleration due to the
"mascon" is reflected in the Doppler observable for those
trajectories which pass to the west of the "mascon" since the
selenographic longitude of the Earth is approximately 6.5°
West. This biases the orbit determination results.
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Introduction

Studies conducted by Mueller and Sjogren at JPL have
shown some rather convincing evidence that there are areas of
large mass concentration located beneath the Moon's surface.
High degree and order spherical harmonic gravity potential
models, particularly an 1lth order field derived by LRC, yield
elevation contours which are also indications of "mascons".
The actual number, shape, size and location of these "mascons"
will not be known for some time. Additionally, an analysis
such as conducted by JPL gives no information as to the exis-
tence of lunar far side "mascons".

As a first approximation it was decided to simulate
the dynamical effects of these mass concentrations in BCMTAP
using a mass point formulation. The capability to solve for
the location and magnitude of these mass points was not con-
sidered. Together with the spherical harmonic potential model
already available in BCMTAP, the addition of the mass points
constitutes a hybrid lunar potential model.

Formulation of Mass Point Equations

The equations of motion in subroutine ACCEL have been
modified to include the accelerations exerted on the spacecraft
by the mass points as follows:
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. 2 2 _2)
where A = (FX - Xi) + (Y - Yi) + (2Z Zi) s
X,Y,Z are the inertial coordinates of the
spacecraft in Selenocentric Mean of
1950 coordinates,
X,,Y,,2 are the inertial coordinates of the
i*"i°71
th .
i mass point,
th
and My is the mass of the 1 mass point.

The Hy are input in parts per million of the total

mass of the moon. The inertial coordinates for the ith mass

point are obtained by rotating the Selenographic coordinates
into Selenocentric Mean of 1950. The Selenographic location
is determined as follows.

X =R, cos ¢ cos A
s i
Y = R, cos ¢ sin A
S i
ZS = Ri sin ¢
where Ri is the radial distance to the mass
point measured from the Moon's
center
and 3,2 are latitude and longitude of the

mass point respectively.

When mass points are included the mass used in the
central body term for the Moon 1is reduced automatically by
an amount equal to the sum of the added "mascons".

When integrating the equations of motion in BCMTAP a tra-
jectory tape is written for use in interpolation cf thc state vector
of the spacecraft, e.g., when Integrating the variational equations
or processing tracking data. Glven a function and its first and
second derivatives at two points, the interpolation routine evaluates
the function at intermediate points. For interpolation on position,
no additional modiflcations are necessary since the accelerations must
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necessarily be modified to include the effects of the "mascons". How-
ever, to provide for adequate velocity interpolation the mass point
"jerk" contributions must be included. The additions are as follows:

(X - %.) (X - X,)
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Z = Z —uy ————A—3——— + 3pi ————AS T
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where
r = (X - Xi)(X - Xi) + (Y - Yi)(Y - Yi) + (2 - Zi)(Z - Zi)
The selenocentric mass point velocities are obtained by ro-

tating the selenographic velocities into the inertial frame. The
selenographic velocities are given by:

Xi = _Yi ) Qm
Yy = X5 0 9y
2, = 0

where Qm = 2,662 x lO_6 rad/sec, rotational rate of the Moon.

In BCMTAP the state transition matrices are obtained by
integration of the variational equations. The state transition
matrix is used to relate errors in the state vector at some time,
t., to state errors at epoch, to. The elements of the matrix are
first order partial derivatives, e.g., 3x(t)/3x(to). Thus the
variational equations were modified to adequately reflect the mass
point effects 1n the state transition matrix. The variational
equations are as follows:
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where ¢ 1s the state transition matrix relating
variations in state at time t to errors
in state at epoch, to;

0 1is a 3x3 null matrix;

I 1is a 3x3 identity matrix;

and G 1is a 3x3 symmetric matrix whose elements
are partial derivatives of the spacecraft
accelerations with respect to position.

The following quantities were added to the G matrix to repre-
sent the effects of the "mascons". ‘
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Preliminary Orbit Determination Analysis Using "Mascons"

A limited study was conducted to evaluate the effect
of mass points as modeling errors on "state only" orbit deter-
mination solutions. First the resulting state updates due
to five "mascons" for one and two orbit fits were evaluated.
Secondly, residuals resulting from a single "mascon" were
obtained for use in a forthcoming analysis which will attempt
to reconstruct the magnitude and location of the mass-point
from the accelerations implied by the time derivative of the
fitted Doppler residuals.

Five "Mascon" Study

Pseudo tracking data were generated for two stations
assuming a spherical Moon with five "mascons". The "mascons"
considered were Mare Imbrium, Mare Serenitais, Mare Nectaris,
Mare Crisium, and Mare Humorum. Preliminary masses and loca-
tions were obtained from Dr. P. Gottlieb of JPL and are gilven
in Table II. These "mascons" were numbered among the seven
presented by Mueller & Sjogren in their paper in "Science".
Only two, Crisium and Nectaris, are located within the band
of latitude defined by the ground track of the satellite for
this inclination. The ground track for the trajectory used
in this study is presented 1n Figure 4. The state vector used
1s presented in Table I. Also shown are the corresponding
osculating orbital elements. The nominal state vector corre-
sponds to the low orbit LO IIT trajectory.

Whereas the five "mascons" were simulated it can
be seen from Figure U4 that the effects of Nectaris and Humorum
are dominant. At closest approach a rough estimate of the
accelerations 1ndicates that Nectarilis would yield 3.5 times
the peak acceleration produced by Humorum. This is approximately
the difference seen in the residuals. The other "mascons"
produce accelerations at thelr respective closest approaches
which are negligible compared to the Nectaris "mascon".

Tracking data were generated for two orbital passes
at a 60 second sample rate with Woomera as the master, or two-
way, station and Goldstone in a three-way, or slaved, mode.
Doppler range-difference data were used. These data were
processed against a spherical Moon model to isolate the effects
of the "mascon". Any state vector offset then can be considered
as beilng in error from the actual spacecraft trajectory. For
the particular epoch and tracking configuration chosen only
the two-way station had visibility during the second pass.
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State vector updates for the one and two pass
solutions are presented in Table III in inertial coordinates
as well as 1in the local vertical frame. The local vertical
frame 1s defined as u (radial), v (down-range) and w (cross-
track). Corresponding orbital element changes are also
presented. Again, these updates result primarily from the
Nectaris and Humorum "mascons". The two pass fit results
in a larger position offset than the one rev solution. This
increase is almost entirely ocut-of-plane and corresponds to
the larger change in the ascending node. The two pass solution
also results in a larger period, and corresponding semi-
major axis, change.

Residual signatures are presented in Figures 1
through 3. Figure 1 shows the direct effect of the "mascons"
on the two-way (CC3) and three-way (C3) observables. These
residuals result from the first iteration through the data
and do not refelect any state update. The points of closest
approach to both the Humorum and Nectaris "mascons" are
evident from the residual plots. These occur approximately
1500 and 2800 seconds respectively for the first rev. The
closest approaches to Humorum and Nectaris are indicated on
the residual plots. Final residual plots for the one-pass
and two-pass solutions are shown in Figures 2 and 3. For
comparison purposes, quantization noise for real data at this
sample rate would be approximately 0.0015 fps. Thus, final
residuals are well above the noise level for actual MSFN track-
ing data and "mascons" of this magnitude would show up in the
fit residuals. The single "mascon" study discussed in the next
section was conducted to determine how well the magnitude and
location of such a "mascon" could be reconstructed from
the residuals.

Single "Mascon'" Study

A more extensive study was conducted using a single
"mascon'" of 40 ppm located 50 km beneath the surface on the
lunar equator at zero longltude. Five non-consecutive polar
orbits were used as the reference trajectories. Table IV lists
the five nominal states at the processing epochs. These
orbits are separated by approximately 5° in descending node
covering the region of *10° of longitude.

Pseudo tracking data were generated with a spherical
Moon model in addition to the '"mascon" to represent the lunar
gravity field. For each of these orbits data were generated
for one master and one slaved station. These data were then
processed against a spherical Moon to obtain the least squares
estimate of state. All solutions obtained were for single
are processing and should be construed as deviations from the
actual spacecraft trajectory produced by the unmodeled "mascon".
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Table V shows the state vector updates in inertial
and local vertical coordinates as well as corresponding
changes to the osculating orbital elements due to the "mascon"
as a modeling error. The residuals obtained are presented
in Figures 4A-9B. The A figures are the residuals result-
ing from the "mascon" prior to any state update. The B
figures are the final fit residuals. The sixth solution,
trajectory 5A, was made to assertain the effect of different
station geometry by re-running the fifth trajectory using
Goldstone in lieu of Madrid as the two-way station, keep-
ing Ascension as the three-way. The resulting offsets obtained
from the Madrid-Ascension comblnation were larger than that
obtalned using Goldstone-Ascension, e.g., a three times
larger inclination change. However, the final fit residuals
for both 5 and 5A are essentially the same. '

From Table V one can see the variation in the off-
set state and orbital elements as the satellite ground track
approaches the zero meridian containing the "mascon". The
maximum deviations from trajectory 3 are expected since the
satellite is much closer to the imbedded mass point. That
this also gives the largest plane change was somewhat
unexpected since the orbit passes essentlally over the "mascon".
Also initially unexpected but apparent from Table V is the
lack of symmetry between the OD solutions for any two trajec-
tories which are essentially equidistant from the "mascon",
e.g., between trajectories 1 and 5 (5A) which pass approxi-
mately 10° East and West of the mass point respectively.

This lack of symmetry is particularly apparent when compar-
ing residual plots for the trajectories.

The large plane change for trajectory 3 is due
partially to the fact that the spacecraft didn't exactly pass
over the "mascon". Whereas an attempt was made to pass directly
over the mass-point, the particular reference trajectory used
actually passed approximately 0.1° East of the "mascon". This
causes an acceleration normal to the orbit, the maximum value

of which would be approximately 5 x lO-Sfps2. However the
acceleration would tend to increase the inclination and
decrease the node which is 1in the direction of the offset.
This of itself would not be enough to effect the large plane
change which resulted.

For the most part, the large plane change results
from the fact that the orbit is being vliewed essentially edge-
on and the observable (Doppler shift) is somewhat insensitive
to small plane changes. For example, a change in inclination
is essentially a rotation about the Earth-Moon line. The
zero Doppler shift point is hardly affected and at the limbs,
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where essentially the total velocity is being measured, the
small differences are essentially masked. Contrast this
situation to a plane-in-the-sky type orbit which 1s essentially
normal to the Earth-Moon line. For this situation a small
Doppler shift results and any changes in the orbital inclina-
tion produce, precentage-wise, a significant change in the
Doppler observable. Therefore, the orbit is not free to dis-
card the effects of a modeling error into the out-of-plane
direction. 1In fact, a plane-in-the-sky orbit was simulated.
The "mascon" was located at 90° East longitude and the polar
orbit flew directly over 1t. The state update resulting from
the modeling error was almost entirely an in-plane correction.

The lack of symmetry in the OD solutions has been
ascribed to Earth-Moon geometry. This can best be seen not
by looking at the orbit solutions themselves but by comparison
of residual plots. The orbit determination program does the
best 1t can in the presence of a modeling error to minimize
these residuals. Thus the phenomena which cause the residuals
to be so apparently different are also primarily responsible
for the different OD solutions. Factors which can introduce
differences in the residuals are; (a) non-symmetry in the
reference trajectories relative to the "mascon", (b) track-
ing station geometry and (c¢) Earth-Moon geometry.

Comparison of the results of trajectories 5 and 5A
show that station geometry can have an influence on the result-
ing orbit but minimal effect on the Doppler residuals. Yet
residuals for both 5 and 5A are significantly different than
those obtained for trajectory 1. Non-symmetry in the reference
trajectories can not produce residual differences of the
magnitude observed. Trajectory 5(5A) has a longitude at closest
approach of 9.7° West whereas trajectory 1 passes the "mascon"
approximately 9.9° East. This accounts for only 3.8 percent
of the difference in acceleration due to the "mascon". The
residual plots indicate that the effects of the "mascon" on
trajectory 5(5A) are approximately 2 times greater than that
for trajectory 1.

The apparent differences in the accelerations due
to the "mascon" for these trajJectories is due to Earth-Moon
geometry. For the particular epochs selected the seleno-
graphic latitude and longitude of the Earth are both approxi-
mately -6.5°. These values correspond to essentlially maximum
valucs ¢f lunar libration in latitude and longitude respectively.
Considering only the longitudinal libration one can approximate
the effects of the "mascon" on the Doppler observable for
both trajectories 1 and 5(5A)., Since the two reference trajecto-

ries are essentially symmetric the maximum acceleration produced
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by the "mascon" on both can be considered the same (0.00535 fpsg).
However, since the earth is in the western hemisphere at this
time the component of this acceleration along the Earth-Moon
line is greater for trajectory 5(5A) than for trajectory 1.
The angle between the acceleration due to the "mascon" and

the Earth-Moon line for trajectory 1 is approximately TU4.5°.
The corresponding angle for trajectory 5(5A) is 61.5°. This
results is a factor of 1.8 times larger acceleration projected
along the Earth-Moon line for trajJectory 5. The component
normal to the Earth-~-Moon line doesn't contribute to the Range
difference observable and is essentially unmeasured.

The fact that the residual plots for trajectories 2
and 4 show essentially the same "mascon" influence is some-
what misleading. Here, the bias produced by the westward
orientation of the Earth is offset by the lack of symmetry in
the ground track for these two trajectories. Trajectory 2
actually crosses the equator at 14.5° East whereas trajectory U
has a longitude at closest approach of -5.3°. This difference
alone causes a 16.7 percent larger acceleration for trajectory 2.
When Earth-Moon geometry is taken into account, trajectory 4
should result in about 18 percent larger acceleration along
the Earth-Moon line. This 1s approximately the difference
observed 1n the residual plots.

Referring agaln to Table V some explanation is
necessary regarding the changes to w and f for trajectories 2
and 3. For the circular reference orbits used in the study
the OD program defines perilune arguement as selenographic
latitude at epoch and defines true anomaly to be zero. When
eccentricity is changed by greater than 1E-5 values are
computed for both w and f. Both trajectories 2 and 3 resulted
in sufficlient change in eccentricity to redefine w and f.

Conclusions

Lunar mass concentrations have been simulated in
BCMTAP as mass points. Both the equations of motion and the
variational equations have been modified and the check out
completed.

The effect of "mascons" as modeling errors on orbilt
determination solving for state only has been studied. Residual
signatures obtained for the various 0.D. solutions are character-
istic of a "mascon" modeling error. The residuals from the
single "mascon" study will be used to attempt to reconsturct
the magnitude and location of the unmodeled "mascon".
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The state offsets resulting from the unmodeled "mascon"

were found to increase for trajectories in which the space-

craft was closer to the "mascon" as expected. However, the
direction of the offsets were not as expected, in particular,

the plane change for Run 3 which flew directly over the "mascon".
This resulted because the observable was rather insensitive

to small plane changes for the edge-on orbits simulated. A
simulated plane-in-the-sky orbit resulted in essentially an
in-plane solution for an unmodeled "mascon" located directly
under the spacecraft's orbit.

Apparent asymmetrical effects of the "mascon",
noticeable in the state offsets as well as the residual plots,
were attributed to Earth-Moon geometry and were shown to be
maximum for the particular epoch selected.
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TABLE I

Selenocentric Mean of 1950 State Vector

e
]

EPOCH

‘636853791-

753,854,
145,070.

-283.
-3632.
-3371.

1338 ft.
2322 ft.

43963 ft.

7476049 fps
2877296 fps
7477033 fps

August 30, 1967

20 hrs.

54 min, 58.51 sec.

Selenographic Orbital Elements of Date

Semi-Major Axis, (a)

. 6,457,408.2 ft.

Eccentricity, (e). . 0.04346
Inclination, (1) . 20.8969 deg.
Arguement of Ascending Node,(f). . . . 63.856 deg.
Arguement of Perilune, (uw) . 354.375 deg.
True Anomaly, (f). . 193.425 deg.

Altitude of Perilune, (hp)

Altitude of Apolune, (ha).
T ).
( p)

Orbital Period,

. 474,345.9 ft.
. 1,035,680.6 ft.
. 2.1765 hrs.



Mare
Mare
Mare

Mare

Imbrium
Serenitatis
Crisium
Nectaris

Humorum

TABLE II

Summary of "Mascons" Used

Magnitude
(ppm)

22
16
12

Depth Below
Lunar Surface

(km)
100
100
100
100
50

Latitude
(deg)

34
25
18
-14

-22.5

Longitude
(deg)

=17
18
57
33
-39
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DOPPLER RESIDUAL-FPS
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FIGURE 10 - GROUND TRACKS FOR TRAJECTORIES USED IN SINGLE “MASCON STUDY
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